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Abstract

Total cost inefficiency comprises technical inefficiency and allocative inefficiency.
Differentiating between the two components of total cost inefficiency has been challenging
both theoretically and empirically. Current literature has solved this problem for specific
cases, but not in general. Using the duality of production and cost functions, this paper
proposes a new approach to solve this problem for general cases. Firstly, we define two
types of allocative inefficiency and their input cost share inequalities. Secondly, a three-
stage procedure is developed to estimate total cost inefficiency and its two components.

Finally, an empirical presentation based on the existing data supplements the theory.
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Measuring Technical, Allocative Inefficiency, and Cost Inefficiency

by Applying Duality Theory

L. Introduction

Although classical economic theory assumes that the production possibility frontier
incorporates all output and input combinations, technical inefficiency can occur when the
observed combinations are not situated on the frontier. When data of output and inputs are
available, the methods which have been used to estimate technical inefficiency in the
production function include the stochastic frontier models (Aigner et al., 1977; Battese and
Coelli, 1988 and 1992; Greene, 2005; Kumbhakar and Lovell, 2000) among others.

Technical inefficiency is said to occur when the observed output is less than the
optimal output for a given level of inputs, or when firms use more inputs than they should
for a given level of output. In either case, technical inefficiency leads to cost inefficiency,
which is the difference between the observed total cost and the minimized cost derived
from the cost function. Furthermore, even if there is no technical inefficiency, cost
inefficiency can still occur if the cost minimization condition does not hold. This type of
cost inefficiency is called cost allocative inefficiency (CAI). Hence, total cost inefficiency
comprises both technical inefficiency and CAIL

Stochastic frontier models have been applied to estimate the empirical aspects of
cost inefficiency. One major problem, however, is that this modelling approach cannot
differentiate between the two components of cost inefficiency. This empirical difficulty is
known as the “Greene problem” (Greene, 1980; Bauer, 1990a) and several solutions have
been proposed. Kopp and Diewert (1982) applied a duality theory to the cost function to
estimate these two components. Another popular solution, which is also based on duality
theory, is to include the first-order condition of the cost minimization problem in estimating
the production function or the cost function (Schmidt and Lovell, 1979; Kumbhakar, 1997;
Kumbhakar and Lovell, 2000; Kumbhakar and Wang, 2006b). Although this issue has been
solved for some specific production and cost functions, such as a Cobb-Douglas production
function (Schmidt and Lovell, 1979) or a translog cost function (Kumbhakar, 1997), a

general solution has not been provided.



This paper proposes a general solution in measuring total cost inefficiency and its
two components. In Section II, we briefly review inefficiency and duality theory. For the
review of duality theory, we emphasize that the optimal solution for the cost minimization
problem can be studied from either the production function side or the cost function side.
In Section III, by using the duality relationship between production and cost functions in
the cost minimization problem, we define two types of CAI assuming there is no technical
inefficiency. The first type of CAl is caused by the difference between the observed input
prices and input shadow prices derived from the production function. The second type of
CAl is caused by the difference between the observed inputs and optimal inputs derived
from the cost function. We derive the input cost share inequalities for each type of CAI and
two measures of CAI. In Section IV, we extend the analysis of the two types of CAI to the
case when there is technical inefficiency and derive two forms of cost inefficiency
decomposition. In Section V, we explain the appropriate use of input cost share equations
in estimations. In Section VI, we construct a three-stage procedure to estimate the two
components of cost inefficiency. We also show an empirical application by using the data
from electric power companies used in Nerlove (1963) and Christensen and Greene (1976).

Finally, we conclude our findings in the last section.

IIL. Inefficiency, Cost Minimization, and Duality

Duality theory is frequently applied to measure the two components of cost
inefficiency (Kopp and Diewert, 1982; Schmidt and Lovell, 1979; Kumbhakar, 1997,
Kumbhakar and Wang, 2006a, 2006b). This section reviews the basic concepts of technical
and cost inefficiency and the relationship between inefficiency and duality theory.
Consider the production with a single-product output and k inputs. Let y = f(x) be the
production function, where y is the output and x is a k X 1 vector with the quantities of k
inputs. Technical inefficiency occurs when the observed (y, x) are not on the production
possibility frontier. A production function with technical inefficiency for firm i can be

specified as

yi = f(xp)e v, (D



where y; is the output for firm i; x; = (x;1, Xj2,. "'+, X;;) 1S an input vector with & inputs
and the element x;; is the quantity of input j for firm i; e “#! is the technical inefficiency

term. When wu,,; > 0, the technical inefficiency (TE) for firm i is

TE. = 2L — ¢~ Wi < 1. 2
Tre € TS @

The stochastic frontier model to measure this technical inefficiency can be shown as

(Aigner et al., 1977; Battese and Coelli, 1988, 1992; Greene, 2005):
Iny; =Inf(x; B) + vy — up;, (3)

where S is a vector of parameters, v,; is a two-sided random error term for noise, and u;
is a one-side random error with a positive mean to measure technical inefficiency. With the
data values of (y;, x;), i = 1,2,---n from n firms, the parameter vector  can be estimated
by the maximum likelihood estimators (MLE).

The analysis of technical inefficiency in Equations (1) — (3) does not involve input
prices. When input prices are given, cost inefficiency can be analyzed. Denote the input
prices as w, a k X 1 vector of k inputs. When input prices w and y = f(x) are given, the

cost function C(y, w) is derived from the following cost minimization problem:

C(y,w) = minw”x subjecttoy = f(x). €))
X

Cost inefficiency for firm i occurs when the firm’s actual total cost is greater than the firm’s
minimized cost. Input prices for firm i are denoted as w; = (W;q, Wy, . +++, Wiy ), where w;;
is the price of input j for firm i. For firm i, the observed total cost is TC (x;, w;) = X w;;x;;

and the minimized cost is C(y;, w;). The cost inefficiency for firm i is defined as (Farrell,

1957):

L) - 10 TC (x; wy) = In C (v wy) = 0. )

CE; =1
t n Ciwy)



Cost inefficiency occurs when TC(x;, w;) > C(y;, w;). With the data of the total cost,
output quantity, and the input prices for firm i = 1,2, -+-, n, a stochastic cost frontier model

for estimating cost inefficiency can be shown as (Schmidt and Lovell, 1979; Kumbhakar,

1997; Kumbhakar and Lovell, 2000):
InTC(x;, wy) =InC(y;, wisy) + ve + U, (6)

where y is a parameter vector, v,; is a two-sided random error term for noise, and u; is a
one-side random error with a positive mean for the unobserved cost inefficiency.

One major issue when using Equation (6) to estimate cost inefficiency is that the
inefficiency term u; includes two types of inefficiency: technical inefficiency and CAL.
Technical inefficiency occurs when the optimal output is greater than the actual output
(f(x;) > y;) with given inputs x; (output-oriented inefficiency) or when the firm uses
more inputs to produce the same output y; (input-oriented inefficiency). In either case, it
leads to cost inefficiency, such that TC(x;, w;) > C(y;, w;). Furthermore, even if there is
no technical inefficiency, cost inefficiency can still occur due to CAI, which occurs when
the first-order condition for the cost minimization problem of Equation (4) does not hold.

Before exploring CAI, we first examine the first-order condition. We simplify the
notations by omitting the firm indicator i from the subscript of x;; and w;;, and denote x;

and w; as the quantity and the price of input j, respectively. The Lagrangian form for

Equation (4) is
L(x, 1) = Xjwix; + Ay — f(x)), (7)
where A is the Lagrange multiplier. The first-order condition is

2 0f y
wj = a—xj—lﬂjx—j )
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" is the output elasticity of input j. Choosing the first input price as the

]
where n; = a_:{-
]

numeraire, the relative input price of input j is

wi_nixa (9)

w1 N1 xj.

Denote the optimal solution of the minimized total cost for Equation (4) as C(y,w). The
optimal quantity or the input demand function for input j is uniquely determined by

Shephard’s lemma:

x _ 0Clyw)
xj =200 (10)

The optimal cost share of input j from the cost function is

c_dlncow) _ocow)_wj _ W)

(11)

] dlnw; aw; cw) Xiwpx]

We can derive the economies of scale in the optimization process from Equation

(8). Multiplying both sides of Equation (8) by x; and summing all input j, gives
TC=21Any, (12)

where 7 = },;7; is economies of scale or returns to scale. The optimal solution for the

Lagrangian multiplier in Equation (7) is 4 = %, which is the marginal cost. Then

— -1 _ (2. ¥\t g1
n=ATc/y = (55 %) = (13)

aTC

where 6 =
ay

Ty—c is the elasticity of total cost with respect to output (Hanoch, 1975; Liu
and Li, 2008). 871 is the economies of scale defined from the cost function (Christensen

6



and Greene, 1976). Since x;, s, and 6 are all defined by the given (y,w) and C(y,w),

denote these as x*(y,w), s; (¥, w), and 8(y,w), respectively; each of x;, si', and 6 is a
function of (y, w).

Equations (10) — (13) are derived from the first-order condition based on the cost
function. An alternative way to examine the first-order condition is from the production

function side. Consider the first-order condition in Equations (8) and (9) from the

production function and define input shadow prices as

s 19— X
w; = /’laxj = An; . (14)
Wi _Nix (15)

wi N1 Xj

Without loss of generality, denote w* as a vector of relative input shadow prices, such that
wi =1, w; = w,/wy, -+, and wy, = wy/wy . Multiplying both sides of Equation (14) by
x; and summing all input j, it gives the total cost based on input shadow prices
TC(x,w") = Xjw;x; and TC(x,w") = Any. Multiplying both sides of Equation (14) by
x; to get wix; = An;y and dividing this equation by TC = Any, it gives the cost share of

input j based on the production function.

wixj Anjy _ nj
sP="Lt="Tl- =] (16)
J TC Any 7n
This cost share equation does not require input price information. Since wy, S]P, and 7 are

all defined by the given (y,x) and ¥y = f(x), denote these as w; (y,x), sjp (y,x), and

n(y, x), respectively. Comparing two optimal cost share equations, the cost share equation
defined by the cost function (Equation (11)) is more widely used, whereas the one defined
by the production function (Equation (16)) is relatively unknown with only a few
applications (Kim, 1992; Li and Liu, 2011), although Kumbhakar and Lovell (2000, p284)

noted the ratio of ; to 7 as the input’s normalized output elasticity.



Duality theory establishes the relationship between production and cost functions.
In this theory, the cost function is derived from the cost minimization problem with a given
production function, and it contains all the information necessary to reconstruct the
production function (McFadden, 1978). Therefore, the input shadow prices w* from the
production function should equal to the given input prices w, and optimal inputs x* from
the cost function should equal to the given inputs x when the first-order condition holds.

This also implies that
_ P ;
si(y,w) =s; (y,x) forall j, (17)

which shows that the cost share of input j from the cost function is the same as its cost

share from the production function. The relationships that w = w*, x = x*, sf(y,w) =
sf (v,x) and n(y, x) = 0(y,w)~? are true only if the first-order condition holds. When the

first-order condition defined from the cost function and the production function does not

hold, we define two types of CAI in the next section.

II1. Cost Allocative Inefficiency without Technical Inefficiency

Our discussion of CAI in this section assumes there is no technical inefficiency.
CAI occurs when the first-order condition does not hold. Based on the duality of production
and cost functions, the first-order condition can be examined either from the production
function or from the cost function. From the production function, the first-order condition
gives input shadow prices; from the cost function, it gives optimal inputs. Using input
shadow prices and optimal inputs, two types of CAI are defined.

Assume both production function y = f(x) and cost function C(y,w) are given.

0, and w°,

Denote the observed output, and input quantities and prices as y°, x
respectively, forming the triplet (y°, x°, w?). The first-order condition is related to all three
variables in this triplet. CAI occurs when there is a mismatch of these three variables.
Consider three pairs of two variables from this triplet: (x°, w?), (y°,x°), and (y°, w?).

The first pair (x° w°) gives the observed total cost TC(x°,w®) = ¥;w/x?, which is a

numerical sum without any economic functions involved. The second pair (y°,x?)

8



involves the production function y = f(x). Given y° = f(x°), the input shadow prices
w*(y9, x9) are derived from Equation (14). These three variables, y°, x°, and w*, form the
production triplet (y°, x° w*)P. The first type of CAI occurs when the observed input
prices differ from input shadow prices (W° # w*). This gives a mismatch in triplet form:
00 x%w®) # (y°,x° wHP.

The third pair (y° w?) involves the cost function C(y,w). Given C(y° w?),
optimal inputs x*(y°, w?) are derived from Equation (10). These three variables, y°, x*,
and w°, form the cost triplet (y°, x*,w®)¢. The second type of CAI occurs when the
observed inputs differ from optimal inputs (x® # x*). This gives another mismatch in
triplet form: (y°, x% w®) # (v° x*, w®)¢. With CAI, we conclude that (y°, x°, w?) is not
an efficient triplet, whereas both production and cost triplets are efficient triplets, and the
three variables in each efficient triplet meet the first-order condition.

Current studies on CAI mainly discuss the first type of CAI, where w°® # w*. The
second type of CAl is mostly ignored. The primary reason for this omission is that w® #
w* implies x° # x* based on Equations (9) and (10). Thus, it appears to be redundant to
consider the second type of CAL. However, in the following, we show that the two types
of CAI have different implications upon two important elements in the CAI analysis.

The first important element in the CAI analysis is to incorporate the optimal input
cost share equations from the cost function (Equation (11)) into a system of equations with
the cost function and input cost share equations. This system of equations approach is
commonly used for the models without CAI (Christensen and Greene, 1976) and with CAI
(Kumbhakar, 1997). We examine input cost share equations for each type of CAI. For the
first type of CAI, the observed relative price of input j is different from its input shadow

wp o owio : . : . :
, Wé W]i' Using Equations (15) and (16), it gives the following cost share inequality.
0 0.0 0,0 0 / 0 0 14
; n;x wix n; Si
e R T Z”””‘lae A (18)
w1 MiXj wixy M N1 Ss105



*,.0

: . ; Py,0 0y — _Wi%
is the observed cost share of input j and s; (y°,x°) = ——=
J Liwxg

0.0
WXy

Tiwix)

where P (x%, w®) =

is its optimal cost share from the production function (Equation (16)). If s¥ = Sf , then

s) # s{ for some j. If s # s7, then s? # s} for some j since 3}, 57 = ¥, 57 = 1. And

Sjo(xo,wo) #* s]P(yO,xO) , for some j (19)
Sjo(xo,wo) * sjc(yo,w*), for some j, (20)
w]’fx;-J

where sjc(yo,w*) = is the optimal cost share of input j from the cost function.

Tiwix]
Equation (19) is derived from Equation (18). The first type of CAI is associated with the
production triplet (y°, x° w*)P, which is an efficient triplet. Based on the duality of the

production function y° = f(x®) and the cost function C(y°, w*) for this triplet, Equation

(17) gives sjp 0% x%) =sf (% w") = ZW#*, and thereby Equation (20).
l

0
WXy

0
J

Note that the observed input prices w are not involved in the optimal cost share
equation s; in Equation (20). This implies s]p * s (y° w?) is irrelevant to the first type of
CAI and we cannot conclude s # sf(y° w?). This result is reasonable since w® # w*

due to the first type of CAI and the optimal cost share of input j should be a function of w*

instead of w°. Although si (v° w*) has been commonly used in current CAI studies, the

inequality in Equation (20) has not been recognized in general cases since its derivation
requires two additional steps. The first additional step is to derive Equation (19). The
derivation of this inequality requires the use of the input cost share equation from the

production function, sjp (v, x°). However, this measure of the cost share sjp (v, x%) is

rarely known, as stated previously. The second additional step is from Equation (19) to
Equation (20), which requires the application of duality theory.

For the second type of CAI, where x° # x*, there is a different set of input cost
share inequality. The second type of CAI is associated with the first-order condition from

the cost function; we consider the optimal inputs x*, the cost triplet (y°, x*, w°)¢, and the

*

Wi
<. Then the cost

optimal cost share of input j from the cost function, sf (y°%, w?) = Sowox;”

share inequalities are:
10



5P (x%,w®) # sf(y°, w?), for some j. (21)

57 (x%w®) # 57 (y°,x*), for some j. (22)

0.0 0,.*
WjXj WjXj

0,0 0 .
Liwpxg Liwpxg

To prove Equation (21), we prove For the denominators in this inequality,

0,.0 0,.* 757 Xj ;
we have ), w;x; > X, w; x; based on the second type of CAL 55 = o for all j
Liwpxp  Zwpxg

0
J

holds only if x]p > x; for all j. Since there is no technical inefficiency, both x° and x*

should be on the same production possibility frontier, i.e. y° = f(x°) = f(x*).If ij > x;

. 0 * . 0 : 6f(x) W]Oxj)
for all j, x” and x* cannot give the same output y° if =——= > 0. Therefore, ———
0x; Tiwypxg
ﬁ for some j, thereby proving Equation (21). The optimal cost share s; in Equation
WX

(21) is derived from the cost function with the cost triplet (y°, x*, w®)¢. Using duality
theory, Equation (17) gives s/ (y° x*) = sf(y°,w®), and thereby Equation (22). The
inequality in Equation (21) seems a natural result from CAI. Bauer (1990b, p.292) noted
that s° = s¢(y% w?) if the firm is allocatively efficient, which is an indirect reference to
Equation (21). Our proof shows that this inequality holds only for the second type of CAL

We conclude that the two types of CAI give two different sets of cost share
inequalities, i.e. Equations (19) and (20) as compared to Equations (21) and (22). This
conclusion provides an insight to the first element in the CAI analysis. In the current
literature, where only the first type of CAI is considered, the use of input cost share
inequalities requires the information of input shadow prices w*. An advantage of using the
second type of CAI is that input cost share inequalities do not require the information of
w*; only the information of the observed input prices w? is enough in estimations. In one
special case, this advantage or difference disappears. For a production function with a

constant output elasticity for all values of x; and for all j as in a Cobb-Douglas production
function, n; is a constant for all j and 1 is a constant, which imply sjp(yo,xo) =

SJP (v, x*). The two types of CAI share the same set of cost share inequalities.

11



The second important element and the key issue in the CAI analysis is to measure
the size of inefficiency. For the second type of CAI, this measure can be easily defined.
Because x™* is the optimal solution from the cost minimization problem with the given
(y°,w®) and y° = f(x°) = f(x*), the total cost TC(x°,w®) = ¥;w/x} is greater than

the minimized cost C(y°, w®) = ¥, w’x;. The measure of this type of CAl is

TC(x°w® n Xj W;'Jx
cyo'w® Tiwix;

CAI = 1n

=InY;w’x) —InY;wlx; > 0. (23)

A standard stochastic cost frontier model can be applied to the measure of this type of CAL.
However, it is worth noting that there is no similar measure of inefficiency for the
first type of CAL For the first type of CAI and its production triplet (y°, x% w*)?, the

minimized cost is C(y°, w*). Suppose CAI is measured by the ratio of the observed total

. .. . . TC(XO WO) Z]WOx;) 0 0 .
cost to this minimized cost, i.e. CAI = In ———=1In —. Because (y°, x°, w*)P is
cy®w") Zjoxj

an efficient triplet, the total cost is minimized at x° with respect to any other inputs x’ #
x% with the given (y°, w*); i.e., C(y°, w*) < TC(x',w*) and y° = f(x"). The observed
total cost TC(x% w?) is not in the feasible solutions of this cost minimization problem.
Therefore, there is no conclusion about the ratio of TC(x° w®) to C(y°,w*), and a
stochastic cost frontier model with the data of TC (x°, w®) and (y°, w*) cannot be used to
derive a CAI measure. Researchers cannot solve the “Greene Problem” in general cases if

the studies focus only on the first type of CAI.
Cc(x®

. T w9
Instead of using IHW

the given shadow prices w* and the minimized cost C(y° w*). The original triplet for the

, an alternative measure of CAI can be developed for

cost inefficiency analysis is (y°, x%, w?), where all variables are observed. Replacing both
observed input quantities and prices with optimal inputs x* and input shadow prices w*, a
new triplet (y°, x*, w*) is formed. Since this triplet is not an efficient triplet, an alternative
analysis of CAI can be derived based on (y°, x*,w*).

We apply the procedure of analyzing CAI for (y°, x° w?) to the analysis of CAI

for (y° x*,w*). Consider three pairs of two variables from the triplet (y°, x* w*):

12



(x*,w*), (¥° x*), and (y°, w*). The first pair (x*, w*) gives the “observed” total cost
TC(x*,w*) = X, w;x]. For the second pair (y°, x*), using the production function y° =
f(x"), it gives the input “shadow” prices w° and a new production triplet (y°, x*, wo)P.
The results of w° = w* and (y°, x*,w*) # (y°, x*, w°)P are defined as the first type of
CAL For the third pair (y°, w*), using the cost function C(y°,w*), it gives the “optimal”
inputs x°(y% w*) and a new cost triplet (y° x% w*)¢. The results of x° # x* and
&0, x*,w*) = (¥°, x°% w*)¢ are defined as the second type of CAI

Similar to Equations (19) — (22), comparing the “observed” cost share of input j,

sjo (x*,w*) = 5 ‘fv e with its optimal cost shares for (y°, x*, w*), the associated cost share
1wy x

inequalities for the two types of CAl based on (y°, x*, w®)? and (y°, x° w*)¢ are:

sP(x*,w*) # sf % x*), or s (x*,w*) # s{ (y°, w?) for some (24)
sP(x*,w*) # 7 (y°, w"), or 5P (x*,w*) # 57 (¥°,x°) for some j, (25)
Wox W xo
where s (y°, x*) = 57 (y°, w®) = S =L and sfO,w*) =57 (y%x%) = S L. Again,
w w

there is no measure of the first type of CAI based on w® # w* and (y°, x ,Wo)p. But a

measure of the second type of CAI based on (v°, x° w*)¢ can be defined as

cAI = InTE&MD _ 1 2
coow N Ewix

=InY;w/x; —InY;w/x; = 0. (26)

\-o\-*

It is impractical to use this measure of CAI since the observed total cost TC (x°, w?) is not
involved in the analysis.

Graphical representation of CAI with two inputs is useful to understand the nature
and properties of CAI (Kopp and Diewert, 1982; Kumbhakar and Lovell, 2000, p. 160 and
221; Kumbhakar and Wang, 2006b). We use Figure 1 to further clarify the above
discussion of the two types of CAI and the two important implications. Given two inputs
x; and x,, denote the observed input quantities and prices as x° = (x?,x9) and w® =

(w, wd), respectively. Without technical inefficiency, x° is a point on the isoquant L(y?).

13



0
The isocost line 44° with a total cost of }; ; WijjO and a slope of — % passes through L(y?)
2

at x°. Because the isocost line AA’ crosses the isoquant L(y?) at x°, we can find another

wi
*9
2

isocost line which is tangent to L(y?) at x°. This isocost line is BB’ with a slope of —

wi
*9

2

0
where (w5, w;) are input shadow prices. The cross of 44> and BB’ at x° implies W—t *
w2

which is the first type of CAL
The second type of CAI is related to points x° and x* resulting from the given w°.
Given w?, the isocost line A4’ passes through L(y®) at x°. Hence, x° is not the optimal

inputs point given w®. The optimal input point given w® is at x*, where the isocost line
0

DD’ with the slope of — % is tangent to L(y°) at x*. Since 44’ and DD’ are parallel, the
2

second type of CAI can be measured by the distance between these two lines. Figure 1
shows there is no measure of the size of the first type of CAI. The two total costs associated
with the first type of CAI are: the observed total cost in 44’ and the optimal total cost given
w* in BB’. The difference between these two total costs cannot be used to measure the size
of the first type of CAI because the difference can be either positive, negative, or zero; it
is positive with OA > OB in terms of x, and it is negative with OB’ > OA”’ in terms of x; .

With w® # w*, we demonstrate an alternative measure of CAI involving w* and

(v% x*,w*) (Equation (26)) in Figure 1. Define another “observed” total cost as

TC(x*,w*) = Y iw;x;. The isocost line EE’ with this total cost and the slope of—w—z
1717 w3

passes through L(y°) at x*. For the triplet (y°, x*, w*), the associated first type of CAI is
the cross of two isocost lines DD’ and EE’ at x* with two different slopes; the associated
second type of CAl is to compare x° and x* on L(y®) with the given w*. BB’ and EE’ are
parallel and the distance between these two lines is an alternative measure of CAI.

In addition to the measures of CAI, Figure 1 also shows two different sets of input
cost share inequalities corresponding with the two types of CAI. For the first type of CAl,

we consider the cost share of x; and compare the observed cost share of x; with its optimal

0
cost share given w*. At x°, the observed cost share of input x; is s (x%, w%) = —Tc‘z;lfvlvo) =
0
Ox—; and its optimal cost share given w”* is calculated according to BB’ and it is

I

14



0

0
Since 0A' < OB', it gives -+ > ~L
oa’ ~ oB

wixd _ 9
c(y°w*) OB’

sS(y%w*) = Hence, s¥ # s¢ and
thereby s9 # s$. This shows the cost share inequalities for the first type of CAIL For the
second type of CAI, we consider the cost share of x, and compare the observed cost share

of x, with its optimal cost share given w°. The observed cost share of input x, at x° is

0

0
sI(x% w0 = #ﬁ,o) = g—i. Given w®, the optimal input point is at x*, and the optimal

cost share of input x, is s5(y°% w?) = = ;—;. Since 0D < 0A and x5 > xJ, it

*

. x x5
gives =2 > =2

0
L>L> Z—;. Hence, s9 # s$ and thereby s? # s¢. This shows the cost share

inequalities for the second type of CAI

Based on the first-order condition from the production function and the cost
function, this section provided both the derivation and the graphical demonstration of the
two types of CAl, their associated cost share inequalities, and two measures of CAI when
there is no technical inefficiency. Although the first type of CAI is commonly used in
current literature, we conclude that the second type of CAI has two advantages over the
first type of CAL Firstly, input cost share inequalities for the second type of CAI do not
require the knowledge of input shadow prices. Secondly, and more importantly, the second
type of CAI can be estimated by the standard stochastic cost frontier model.

From duality theory, one type of CAI implies the other type of CAI since w® # w*
implies x° # x°, and vice versa. In addition to the modelling differences and necessaries
as discussed above, there are economic reasons to consider two types of CAI. For the first
type of CAI, the firms determine the level of inputs based on w* instead of w°. The reasons
for such a decision can include imperfect input price information and price regulations.
When the input price information is imperfect, the firms may perceive market input price
as w* instead of w°. Therefore, x° is the “optimal” solution to the firms since they only
see w*. Comparing the two basic inputs, labor and capital, labor wages are usually known
to the firms as the labor market are mostly perfectly competitive, whereas implicit rental
price for capital is more complex due to the involvement of risks. With uncertain outcomes
in investing physical capitals, the firms’ investment decisions are based on the self-
projected w*. In the case of price regulations, the regulated input prices w* can be different

from the market input prices w°. Because of price regulations, the firms produce outputs
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with the input level at x°, which is the inefficient use of inputs given w°. For the second
type of CAl, the input prices are given as w° and there is no misunderstanding of the input
price information by the firms. The inefficiency is purely reflected by the misuse of inputs;
the misuse may be associated with the constraints in using input resources, such as quantity
regulations, and poor managements.

The above analysis on the two types of CAI assumes that there is no technical
inefficiency. In the next section, we continue the CAI analysis, but this time, with technical
inefficiency. The needs on the use of the two types of CAI and the advantages of using the

second type of CAI are even stronger in this case.

IV.  Cost Allocative Inefficiency with Technical Inefficiency

In this section, we extend the previous CAI analysis to the case when technical
inefficiency occurs. Assume both production and cost functions are given. We denote the
observed output, and input quantities and prices as (y° x% w?). When technical
inefficiency occurs, (y°, x°) will no longer be on the production possibility frontier. For
the output-oriented technical inefficiency, y* > y°, where y* = f(x°) is the optimal
output. We begin the CAI analysis by isolating technical inefficiency from total cost
inefficiency.

We can isolate technical inefficiency by replacing the “output-oriented” inefficient
output y° in the original triplet (y°, x° w®) with the optimal output y* for the CAI
analysis. Since (y*,x% w?) does not have technical inefficiency, we follow the same
procedure in the previous section to analyze CAL For the triplet (y*, x°, w?), the two types
of CAI are: w° # w* and x° # x*. Here, w* is a vector of input shadow prices derived

from y* = f(x°) and x* is a vector of the optimal inputs derived from C(y*,w?), where

* 0 0 0) 59 * 10
w ni x af(x")x ac(y*,w . . .
L= = or(x%) )—’* ,and x* = 229" The efficient triplets corresponding to the
Wi  MiX; oxj y ow;

two types of CAI are: the production triplet (y*, x%, w*)P and the cost triplet (y*, x*, w°)¢.

Replacing y° in Equations (19) — (22) with y*, the cost share inequalities are

0 P (% 0 * * .

s (x%wP) # si (v ,x%) or 57 (x%,w®) # s7 (y*,w") for some j. (27)
0 * 0 p * * .

sP(x%w®) # s (y*,wP) or s (x°, w®) # sj (y",x*), for some j. (28)
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The inequalities in Equation (27) are derived from w® # w* and (y*, x% w*)?; the
inequalities in Equation (28) are derived from x° # x* and (y*, x*, w®)¢. Like Equation

(23), the measure of the second type of CAl is
CAI =InTC(x°,w°) —InC(y*,w®) =In¥;wix} —In¥;w'x/, (29)

where both x° and x* have the same output level y*, but x* are the optimal inputs
associated with the minimized cost C(y*,w®). CAI > 0 when the observed inputs x°
differ from the optimal inputs x* with given w°.

After the derivation of the measure of CAI in Equation (29), we examine the
technical inefficiency component (CTE) in total cost inefficiency. Note that the analysis of
the CAI is based on (y*,x° w®). Comparing this triplet with the observed triplet
(v%, x°% w?), we derive a measure of CTE. Given w® and the cost function C(y,w), a

measure of CTE can be shown as

CTE =InC(y*,w®) —InC(y°w®) =In¥;w’x; —In¥;w’x", (30)
where x;" = —Qom I8 the optimal input derived from C(y", w"). Since the cost function

]
is increasing in output, CTE > 0 when y* > y°.

The measure of CTE in Equation (30) depends on the level of input prices. Take
the partial derivative of CTE with respective to In wjo in Equation (30). It gives

OCTE
0 lnw;-)

= S].C(y*, WO) _ Sjc(yol WO) — sjp(y*;x*) _ sjp(yo' x**). (31)

The second equality is derived from sf(y*,w°) = sjp (v, x*) and sf(y°,w®) =
s]p (y°, x**), which are the application of the duality for (y*, x*, w°)¢ and (y°, x**, w°)¢,
respectively. In a special case where the production function has a fixed output elasticity

for all inputs, i.e. n;(y,x) = n;(y’,x"), for all j, the optimal cost share of input j from the
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dCTE

production function is a constant and Wl = 0. The change in the input price has no
J

impact on the size of the cost inefficiency due to technical inefficiency.
Using CAI from Equation (29) and CTE from Equation (30), the total cost

inefficiency defined in Equation (5) has the following decomposition.

CE=InTC(x°,w® —InC(y°,w?)
=InTC(x°,w® —InC(y*,w®) + InC(y*,w®) —InC(y°,w°)
=InY;w’x) —InY;w’x; +InY;wlx; —In};wlx
= CAI + CTE. (32)

This shows that total cost inefficiency includes CAI and technical inefficiency. This
decomposition is only applicable to the second type of CAI

We now derive an alternative decomposition of total cost inefficiency with respect
to input shadow prices w*. Replacing x° and w? in the original triplet (y°, x°, w?) with
x* and w*, the alternative decomposition is based on (y°, x*, w*). Define the alternative

TC(x*w )

oW . With y* = f(x°) =

total cost inefficiency from this triplet as CEY = In

f(x*) > y°, the CAI analysis of this new triplet is based on (y*,x*,w*). Similar to
TC(x*w™)

Equations (26) and (30), the alternative measures of CAI and CTE are CAI"" = In )

and CTEW" = In $&%)

o)’ , respectively; similar to Equation (32), the decomposition of the

alternative total cost inefficiency is

CEY =InTC(x*,w*) —InC(y°,w")
=In TC(x*,W*) —In C(y* w*) +InC(y*,w*) —InC(y°, w*)

=InY;w/x; —In);w; +1nzij —InX;wix™
= CAIY" + CTEVY, (33)
_acy’w"
wherexj 6—W]
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When technical inefficiency occurs, we derive two forms of cost inefficiency
decomposition (Equations (32) and (33)). The decomposition based on the second type of
CAI (Equation (32)) has not been examined before in the literature. While the
decomposition with input shadow prices w* has been studied with specific production and
cost functions (Schmidt and Lovell, 1979; Kumbhakar, 1997), no general solution has been
found. A major difficulty in deriving a decomposition based on input shadow prices is that
there is no general measure of the first type of CAIL. Although Equation (33) may provide
a solution to the decomposition with input shadow prices, the observed total cost is
irrelevant in this design. Hence, the use of Equation (33) is only of theoretical interest.

Figure 2 demonstrates the two types of CAI with two inputs x; and x, when there
is technical inefficiency. In this figure, the observed x° lies above the isoquant L(y°),
which indicates technical inefficiency. The isoquant containing x° is L(y*), y* =
f(x%) > y°. The analysis of CAI is based on L(y*) and the triplet (y*,x% w?). As in
Figure 1, L(y*) and the isocost lines A4°, BB’, and DD’ are used to show the two types of
CAL. The cross of two isocost lines 44> and BB’ at point x° indicates the first type of CAL
AA’ and DD’ are parallel and the distance between these two lines measures the second
type of CAL To demonstrate CTE, we compare two isoquant curves: L(y®) and L(y*).

Based on w® and w*, two isocost lines are tangent to L(y?). Given w®, the isocost line
0

FF is tangent to L(y°) at x** with the slope of—%. Because A4°, DD’, and FF’ are
2

parallel, the measure of CTE is the distance between DD’ and FF’, and the decomposition

of total cost inefficiency is represented by the distances derived from these three lines.

*

Given w*, the isocost line GG’ is tangent to L(y°) at x*** with the slope of —%. The
2

isocost line EE’ with the slope of — ﬂ passes through L(y*) at x*. EE’, BB’, and GG’ are

W2
parallel; the distances from these three lines show the alternative decomposition of total
cost inefficiency.
The two types of CAI have significant implications on two elements in analyzing
cost inefficiency: input cost share equations and the measure of cost inefficiency. These
implications are applied to the cases with and without technical inefficiency. In the

following two sections, we examine their practical uses. First, we explain how to use input
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cost share equations appropriately in empirical estimations when CAI occurs. Second, we
derive a three-stage procedure to estimate the two components of total cost inefficiency.

An empirical application of this three-stage procedure is also demonstrated.

V. Use of Cost Share Equations in Estimations

The system of cost and input cost share equations is commonly used for cost
analysis both with and without CAI (Christensen and Greene, 1976; Schmidt and Lovell,
1979; Greene, 1980; Bauer, 1990a; Kumbhakar, 1997; Kumbhakar and Lovell, 2000, p.
146; and among others). The reasons to include cost share equations in the system of
equations can be summarized as: 1) it provides efficient estimates (Christensen and Greene,
1976), 2) it provides additional constraints to the parameters of the production or cost
function under investigation (Berndt and Christensen, 1973), and 3) it provides a method
to model CAI (Schmidt and Lovell, 1979). For the system of equations approach, the use
of cost share equations is based on s]p = s, where s]p is the observed cost share and s} is

the optimal cost share derived from the cost function. The main issue in using s]p = s/ is

that this equality may and may not be true if there is allocative inefficiency (Schmidt and
Lovell, 1979; Kumbhakar, 1997; Kumbhakar and Wang, 2006a). We examine this issue
using the input cost share inequalities derived from the two types of CAL

For a given cost function, the optimal cost share of input j is a function of output
and input prices. The above cost inefficiency analysis involves two output levels (the
observed output y° and the optimal output y*) and two input prices (the observed input
prices w° and input shadow prices w*). This gives four combinations of outputs and input
prices: (y*,w*), (v*,w®), (v°,w*), and (y°, w?). The cost share equations from the cost
function corresponding to these four combinations are: si(y*,w"), s;(y", w?),
si (y°, w*), and sf (v, w?), respectively. Based on duality theory, each cost share equation
from the cost function is equal to the cost share equation from the production function
(Equation (17)) for an efficient triplet. Consider four efficient triplets: (y*, x% w*)?,
5 x5 we, (v, x**, w*)°, and (y°, x***, wP)C. It gives four cost share equations from
the cost function and four equations from the production function. The observed cost share

equation and these eight cost share equations are summarized in Table 1. Taking cost
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inefficiency into the consideration, the comparison of the observed cost share with each of

these four cost share equations gives four possible cost share inequalities: s]p +s;(y,w")

in Equation (27), s]p +s; (", w?) in Equation (28), and the following two:

sP(x%,w®) # sF(y°, wP) (34)

0 *
sp (x%w®) # sF(y%, w). 35)

We have proved that the inequalities in Equations (27) and (28) are true when two types of
CAI occur; these two inequalities are related only to y*, not y°. To check if the cost share
inequality of Equation (34) is true, consider the following inequality derived from cost

inefficiency decomposition in Equation (32):
TC(x®w) > Cly",w?) > C(y° wP), (36)

where the first inequality is due to the second type of CAI and the second inequality is due
to technical inefficiency. An intuitive inference from Equation (36) suggests that total cost
inequalities implies cost share inequalities s (x%, w®) # sf(y*,w®) # sf(y°, w?). We
show this intuitive inference may not be true. The first cost share inequality sjo (x%w?) #
S]-C (y*,w?) for some j is true due to the second type of CAI (Equation (28)). When both
CTE and CAI occur, it is possible that

0(,.0 0) — <C(4,0 0 fi 17 W](-)x;-) — W](-)x;-* f 117 37
s; (x°%,w?) =57 (y°,w®) fora Jr T S = Syt forally, (37)

0, %%
j%j

-
Tiwrxg®

that Y, wlx? > Y, wlx;*. The equality in Equation (37) can be true if x]p = x;” for all j,

where s (y%,w®) = For the denominators in Equation (37), Equation (36) implies

which may occur when there is technical inefficiency such that y* = f(x°) > y° =

f(x™). Therefore, the inequality in Equation (34) may not hold even if CAI occurs; the
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addition of technical inefficiency contributes to the equality. The alternative decomposition

of cost inefficiency in Equation (33) gives
TC(x*,w*) > C(y*,w*) > C(y°, w"). (38)

Similar to the proof of Equation (37), sjo (x*,w") =sf(y°,w*) can be true. If
sP(x*,w*) =57 (x%w?), then s (x% w®) = s (y° w*) can be true. The inequality in
Equation (35) may not hold as well even if CAI occurs.

Because Equations (34) and (35) may or may not be true, there is no definite
conclusion on how to use cost share equations correctly when technical inefficiency is
added to total cost inefficiency and the observed output y° is used in cost share equations.
However, Equations (27) and (28) show that there are two sets of cost share inequalities
when CAl occurs. The misallocation of inputs can be identified with these two inequalities.

Kumbhakar and Wang (2006a) used simulations to demonstrate that traditional
estimations of the stochastic cost frontier model are biased if CAI is ignored explicitly in
specifying the cost function. In the case without technical inefficiency, we use Equations
(20) and (21) to show how the bias issue occurs if the cost share equations from the first-
order condition are incorporated in estimating the cost function. Consider a translog cost

function, shown as follows (Christensen and Greene, 1976),

1 1
InC =6, +)/ylny+5yyy(lny)2 +XjaiInw; + 2% v Inw; Inw,

+ X Vyjinw;iny. (39)
dlncC dIncC . .
From nwolnw ~ Inwalnw,’ Yji = vi;- Because the cost function is homogenous of

degree one in input prices,

2o =13y =Xy =X v = 0,and 3 yy; = 0. (40)

The optimal cost share of input j is
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§¢ — dlncC
J _6lnwj

=a; + Zlyﬂ Inw; +y,;Iny. (41)

Take the sum for all j to get total cost share of one, and
Yiai+ X 2ivilnw +%y,iIny =1 (42)

Based on the equality of the coefficients on both sides of the equation, };a; = 1, Xy =
0 for all [, and }.;y,; = 0. These constraints are the same as the constraints for the
homogenous of degree one in input prices (Equation (40)).

Denote the observed data (y°, x% w?) for firm i as (y;, x;, w;), i = 1,2,---n. Each

x; and w; is a k X 1 vector with the components of x;; and w;; as the observed input

quantity and price for input j and firm i, j = 1,2,---k, respectively. The system of

equations for estimation can be represented as

1 1
InTC; =6y + v, Iny; +5yyylnyl-2 + XjajInw;; +EZjZlyjlanijanil

+Z])/y]1nWU lnyl- + v + U (43)

O.:

sip=af + X viiinwy +yyIny; + & (44)

ij»

where v,; and sicj are the random error terms for noise, and u,; is a random error term with

a positive mean for inefficiency. TC; = Y}, w;; x;; is the observed total cost for firm i and

Slpj is the observed cost share of input j for firm i. The coefficients a;, yj;, and y;; in

Equation (44) are different from those as and ys in Equation (43). The sum of all input
cost shares for each firm in Equation (44) is one. Similar to Equation (42), it implies
2jaf =1,%;77=0,%;vy; =0, and ¥ & = 0. Because }j & = 0, one of the cost
share equations in Equation (44) is dropped from the system of equations. For the
traditional estimation of the system of equations (Equations (43) and (44)), the constraints

af =

;= aj, )/J-Cl = Yj1, and )/f, ; = Vyj are imposed based on the optimal cost share equations

- 0(0 1,0 0 1,0
(Equation (41)). If the second type of CAI occurs, then s/’ (x°, w®) # s7 (¥, w®) from

Equation (21), and &f # @;, ¥} # ¥ji, Ot ¥y, # Vy; for some j. The constraints used in the
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system of equations cause a bias issue, which exists either with or without the stochastic
inefficient term u,;.

This bias issue also exists in the estimation when the first type of CAIL, where w® #
w™, is considered. For the first type of CAI, the observed input prices ws in Equations (43)
and (44) are replaced by input shadow prices w* (Schmidt and Lovell, 1979; Kumbhakar,
1997; Kumbhakar and Tsionas, 2005a, 2005b). From Equation (20), s?(x%w°) #

sf(y°,w*); the constraints of af = a;, ¥j; = y;;, and yy; = y,; imposed on Equations
(43) and (44) give biased estimates as well. The current literature on CAI solves this bias

issue by including CAI in &f; and u;, such that &; and u; are correlated. However, this

solution creates a fundamental issue where CAI cannot be differentiated from CTE in u;.
Another and more serious problem with the use of input shadow prices in the stochastic
cost frontier model is that the mean of u,; may not be non-negative since the observed total
cost may not be greater than the optimal cost C(y°, w*) for the first type of CAI

We conclude that the approach to include input cost share equations in the system
of equations has some estimation issues. When CAI occurs without technical inefficiency,
cost share inequalities cause biased estimation of the system of equations unless CAI is
explicitly specified in the system. When technical inefficiency is added to total cost
inefficiency, there is no conclusion on how to use cost share equations correctly. In either
case with or without technical inefficiency, there is no general formula to link cost share
equations with the cost function in estimation. It is therefore more appropriate to abandon
the system of equations and remove cost share equations from the system in estimating
cost inefficiency. In the next section, we show how to estimate technical and allocative
inefficiency with a three-stage procedure and how to use cost share inequalities in this

setting.

VI.  Three-Stage Procedure and Empirical Examples

Based on the analysis of the two types of CAI and the total cost inefficiency
decomposition, a procedure to estimate technical, allocative inefficiency, and total cost
inefficiency can be derived. Since the estimation of the production function only involves

technical inefficiency, the production function can be estimated using traditional stochastic
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frontier methods (Equation (3)) and the data (y;, x;) for firm i, i = 1, ---n. The estimation
results give the estimated parameters 3, the estimated optimal output vi = f(xi; B), and
the estimated technical inefficiency based on ;.

With the estimated production function, the first type of CAI can be checked if the
data of either input prices or input cost shares are available. When input prices w° are
given, a simple check of the first type of CAl is testing w® = w*, where w* is input shadow
prices derived from $; = f(x;; ) and Equation (15). When the data of input cost shares

are given, an alternative check is to test the following hypothesis based on Equation (27).
E(s?) = E(sP), (45)

where E (S;)) is the mean observed cost share of input j and E (s}’) is the mean optimal cost
share of input j from the production function. E (s}) is estimated by (¥; s{;)/n and E(s")
is estimated by (Zi §3) /n, where sl-Oj is the observed cost share of input j for firm i, §£. =

@ Nij = Of (xiib) xiy and 7); = X.;7);;. When the hypothesis in Equation (45) is rejected for

7 oxij i’
some inputs, there is an evidence of the first type of CAI. However, there is no measure of
the first type of CAIL

To measure and check the second type of CAI, the data of input prices are required
to estimate the cost function and CAI. With the data (9;, x;, w;) for firm i, i = 1,--- n, the

following stochastic cost frontier model is used.
InTC(x;,w;) =InC;,wi; ) + vei + U (406)

This model is the same as Equation (6), except that the data (¥, x;, w;) instead of
(yi, x;, w;) are used in this estimation, where ¥/ is the estimated optimal output from the
first stage. The estimation gives the estimated cost function C(y, w;7) and ti.;, which is
the estimate of the second type of CAI according to Equation (29). Using Equation (28),
we check the second type of CAI by testing the following hypothesis.
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E(sjp) = E(sf), 47)

where E (sjc) is the mean optimal cost share of input j. E (sjc) is estimated by (I; §f]) /n,

0 o* * ~
A WiiXij ~ ac(y; wi;y .
where §¢ = —2XY_and &}, = M Because the observed cost share is not equal to
Yoo miwiEy Y owij

the optimal cost share for some inputs when CAI occurs, the system of equations of cost
share equations and the stochastic production or cost frontier model are not used. Finally,
using the estimated cost function C(y,w;7¥), the total cost inefficiency for firm i is
estimated by CE; = TC(y;,w;) — C(y;, w;; ) (Equation (5)); the cost inefficiency due to
technical and allocative inefficiency are estimated by CTE; = TC(J;,w;) — C(y;, w;; ¥)
(Equation (30)) and CAI; = TC(y;, w;) — C(Y{, w;; 7) (Equation (29)), respectively. These

three terms give the cost inefficiency decomposition for firm i, CE; = CAl; + CTE;.

Three-Stage Procedure

The above procedure for estimating the two components of total cost inefficiency

and the testing for the two types of CAI can be summarized in a three-stage procedure.

Stage 1:  Estimate the production function and test the first type of CAI. Use the
stochastic production frontier function (Equation (3)) with the data
values of (y;, x;) to estimate the production functiony = f(x; 8) and
derive the estimated optimal output ;7 = f(x;; ). Test the first type of
CAI with Equation (45).

Stage 2:  Estimate the cost function and the second type of CAI Use the
stochastic cost frontier function (Equation (46)) with the data values of
the total observed cost TC(x;,w;) and (J;,w;) to estimate the cost
function C(y, w; y) and the second type of CAI. Test the second type of
CAI with Equation (47).

Stage 3:  Derive the cost inefficiency decomposition. Use the estimated cost
function from Stage 2 and the data values of TC(x;, w;), (¥, w;) and
(yi, w;) to compute total cost inefficiency, and the cost inefficiency due
to technical and allocative inefficiency using Equations (5), (30), and

(29), respectively.
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The first two stages in the above is the two-stage least squares estimation (TSLS)
in the simultaneous equations model. Consider the simultaneous equations with production
and cost functions and their three variables (y, x, w). Suppose both y and total cost are the
endogenous variables, and x and w are the exogenous variables. The first stage estimation
of the production function involves y as the endogenous variable and x as the exogenous
variable. The fitted value of y from the first stage estimation is used as one of the
explanatory variables for the second stage estimation of the cost function. This procedure
is the TSLS estimation. Based on duality theory, there is no need for a system of equations
with production and cost functions since the information from one function gives the exact
same information from the other function. In the case of CAl, it is necessary to consider
two separate regressions for two functions and for each regression to include its
inefficiency term. The first two stages combine production and cost functions into a system
of simultaneous equations. This is more general than treating y as an exogenous variable
in the traditional cost function estimation (Christensen and Greene, 1976).

This three-stage procedure is different from the current CAI analysis where the
system of the cost function and cost share equations are estimated (Kumbhakar, 1997;
Kumbhakar and Tsionas, 2005b). A cost system model specifies CAI in the cost share
equations and combines both technical and allocative inefficiency in the inefficiency term
of the stochastic cost frontier model. This approach faces the “Greene problem.” However,
for the second type of CAI, CAl is the only inefficiency term in the stochastic cost frontier
model in the three-stage procedure. With the separation of technical inefficiency and CAI
in two separate stochastic production and cost frontier models, the three-stage procedure

provides a solution to identify technical and allocative inefficiency of cost inefficiency.

Empirical Examples

We use the translog production and cost functions to demonstrate the empirics of
the three-stage procedure, where the two components of total cost inefficiency are
estimated, and the two types of CAI are tested. In the first stage, the following translog

production function is considered (Berndt and Christensen, 1973).
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Iny =co+XYja;lnx; +%ijlbﬂlnlenxl. (48)

dlny

Derive n; = =a; + X, bj;Inx; and n = };7n;. From Equation (16), sjp = %, the

dlnx;j
optimal cost share equation for input j is
_ a

P =2+ Zl%lnxl. (49)

Using Y s;’ = 1 and the symmetry of cross partial derivatives in Equation (48), the

constraints for the production function are:
Z]a] :T]az]bjl :O, andb]l :bl] (50)
With the data (y;, x;), the stochastic production frontier model based on Equation (48) is
1
lnyl- =cCo+ Z] aj lnxl-j + EZJZI b]l In xij lnxl-l + Upl' - upl-. (51)

When there is no technical inefficiency and no cost inefficiency, a system of equations with

Equation (51) without u,,; and the following cost share equation can be considered.
siy = a] + X b Inxy + €. (52)

where the coefficients a}g and bjz; are different from those as and bs in Equation (51) and

sipj is the random error term. Comparing Equations (49) and (52), af = %, and bﬁ = % if

§0 —

J sjp. Hence, the constraints in estimating the system of Equations (51) and (52) include

bjl

Equation (50), ajp =% and bﬁ =

. . These constraints are difficult to implement in

estimation since 7 is a function of y and x and the nonlinear constraints a}” = ;’ and bﬁ =
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b; . . o . .
7” are involved. Assume that 77 is a constant parameter. The estimation with this constant

parameter and the nonlinear constraints can be carried out using an iterative procedure. The
initial estimates of @; and ) = }; @; is derived from an initial estimation of Equation (51)
without cost share equations. Then impose all constraints and with 7} as a constant in the

first iteration of the system of equations. We then use the estimated coefficients @; from
this iteration to derive #j = ¥ ; d; for the constraints in the next iteration of the system of

equations, and continue the iterations until 9} converges. Kim (1992) shows an alternative
procedure to estimate variable returns to scale n(y, x).

When technical and allocative inefficiency occur, the first stage procedure begins
with the stochastic production frontier model of Equation (51) without Equation (52) since
the estimation of a system of equations with cost share equations is biased when CAI
occurs. This first stage estimation gives the estimated optimal output y; and the estimated

technical inefficiency i,,;. With the estimated production function, the first type of CAI

can be checked using Equation (45), where the mean optimal cost share of input j is
le

~

estimated by (3; §5)/n, and §5. = %-}- ) -

In x;;.

In Section V, we use a translog cost function to demonstrate the estimation of the
stochastic cost frontier model without technical inefficiency. The same procedure is used
here for the second stage of the empirical estimation. The second stage estimation begins
with the translog stochastic cost frontier model of Equation (43) by replacing y° in this
equation with §* from the first stage estimation. Because the estimation of a system of
Equations (43) and (44) is biased when CAI occurs, the cost share equations is not included
in the estimation. The constraints in Equation (40) are imposed in the estimation of the
stochastic cost frontier equation. The second type of CAI is estimated by ., from the
stochastic cost frontier model. Using the estimated cost function, we derive the estimated
optimal input cost shares with Equations (41) and conduct the test of the second type of

CAI with Equation (47). The economies of scale is estimated with

dlncC

A _N-1 g —
n 0 ’9 dlny

=¥y + ¥y Iny~. (53)
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In the third stage, the measures of total cost inefficiency, technical and allocative
inefficiency are computed using the estimated cost function and Equations (5), (30), and
(29), respectively.

Two datasets from Greene (2018) are used in an empirical application of the three-
stage procedure with translog production and cost functions. The first dataset is Greene’s
(2018) Table F6.2, which includes the data of 159 U.S. firms producing electric power in
1955. A subset of the dataset was originally used by Nerlove (1963). The second dataset is
Greene’s (2018) Table F4.4, which includes the data of 158 firms in 1970. A subset of the
dataset was originally used by Christensen and Greene (1976). The datasets include total
output, total cost, and input quantities, prices, cost shares of labor, fuel, and capital for each
firm.

Table 2 shows the estimated optimal input cost shares of labor, fuel, and capital

B1abor> Sruet> and Scqpitqr, respectively), the inefficiency estimates, and the economies of

scale 1j for the standard and the three-stage procedures. For the standard procedure, column
(2) shows the results from the seemly unrelated regression estimates (SURE) for the cost
function, where the system of Equations (43) and (44) is estimated without the inefficiency
term u,;; column (3) shows the results from the standard stochastic cost frontier model
(Equation (43)). The estimated optimal cost shares of labor, fuel, and capital from the
SURE in column (2) should be very close to the observed cost shares in column (1) due to
the constrains in the system of equations. The estimated optimal cost shares in column (3)
may be biased due to the omission of CAI in specifying the cost function.

For the three-stage procedure in columns (4) — (7), the estimates from the stochastic
production frontier model in column (5) are compared with the SURE from the system of
equations for production function in column (4), where the SURE is based on Equations
(51) and (52) without the inefficiency term wu,,;. The estimations for the SURE for the cost
function in column (6) and stochastic cost frontier model in column (7) correspond to those
estimations in the standard procedure in columns (2) and (3); the difference is that the
standard procedure uses the observed data (y;, x;, w;) and the three-stage procedure uses
the data (9], x;, w;), where 9; is derived from the stochastic production frontier model in
the first stage. The estimations of the stochastic frontier models in columns (3), (5), and (7)

do not include cost share equations to avoid bias. The estimated optimal cost shares from
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the SURE in columns (4) and (6) should be close to the observed cost shares as in column
(2). When CALI occurs, the optimal cost shares from the production function in column (5)
and the optimal cost shares from the cost function in column (7) should be different from
the observed cost shares in column (1) and they are different from each other.

For the 1955 data, the observed cost shares of labor, fuel, and capital are 10.57%,
46.78%, and 42.68%, respectively. The estimated cost shares for three SURE estimations
in columns (2), (4), and (6) are very close to the observed cost shares. The estimated
optimal cost shares of labor, fuel, and capital from the production function in column (5)
are -20.56%, 75.42%, and 45.14%, respectively; these shares from the cost function in
column (7) are 12.57%, 62.77%, and 24.66%, respectively. The negative optimal labor
share from the production function is a concern. This implies that the first type of CAI with
the use of input shadow prices may give unrealistic optimal cost shares. Hence, our analysis
focuses on the optimal cost shares from the cost function. Applying Equation (47), the ¢t-
statistics in comparing the differences between the three observed input cost shares in
column (1) and their corresponding optimal cost shares from the cost function in column
(7) are 0.92, -8.80, and 5.68, respectively. The use of labor is close to the optimal level.
The fuel share should be higher, and the capital share should be lower to be optimal.

As for the 1970 data, the observed cost shares of labor, fuel, and capital are 13.9%,
63.24%, and 22.64%, respectively, whereas column (7) shows their estimated optimal cost
shares from the cost function are 13.98%, 76.07%, and 9.95%, respectively. The
corresponding t-statistics used to compare the differences in the observed cost shares and
their optimal cost shares are -0.135, -23.88, and 16.39, respectively. The results show the
observed labor share is close to the optimal level. The fuel share should be higher, and the
capital share should be lower to be optimal.

There are two additional observations from these estimates of optimal cost shares.
The optimal cost shares from the cost function in column (7) for the 1955 data are close to
the observed cost shares in column (1) for the 1970 data. This implies that the firms
adjusted their optimal use of inputs over the years. The estimated cost shares from the
standard stochastic cost frontier model in column (3) for the 1955 data are 38.89%, 52.13%,
and 8.98%. They are very different from their three-stage estimates in column (7). For the
1970 data, the estimated cost shares from the standard stochastic cost frontier model in
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column (3) are 15.7%, 72.48%, and 11.82%, which are close to their corresponding three-
stage estimates in column (7). The large differences of these estimates for the 1955 data
and the small differences for the 1970 data may be related to their CAI sizes; a bigger size
of CAI may give a larger biased estimation in the standard procedure. The CAI sizes for
the two data sets are measured in the following.

The last two rows in Table 2 shows the inefficiency estimates E (exp i |€) for the
stochastic frontier models and the estimates of economies of scale. In 1955, E(exp 1 |€)
for the standard stochastic cost frontier model in column (3) is 1.446, which includes both
technical and cost allocative inefficiency and may be biased. For the three-stage procedure,
column (5) shows the estimate of technical inefficiency from the stochastic production
frontier model is 0.775, and column (7) shows the estimate of CAI from the cost function
is 1.308. In 1970, these three inefficiency estimates in columns (3), (5), and (7) are 1.108,
0.913, and 1.065, respectively. They are close to one whereas those values in 1955 are not.
This shows the improvement of both technical and allocative inefficiency.

When CAI occurs, the estimate of economies of scale from the production function
should be different from the estimate from the cost function. For the 1955 data, columns
(5) and (7) show the estimates from the production and cost functions are 1.092 and 1.122,
respectively; they are 1.068 and 1.107 in 1970. The results show increasing return to scale
in both years and the estimates from the cost function are higher than those from the
production function.

Table 3 shows the measures of cost inefficiency and its two components in two
sample periods. We use the estimated cost function from the second stage to estimate the
two costs: C(9*,w?) and C(y° w?), which are the minimized costs based on the estimated
optimal output 9* and the observed output y°, respectively. For the 1955 data, the mean of
the observed total costs of all firms is 14.72, and the means of C($*,w®) and C(y°, w?)
are 13.03 and 10.04, respectively. The mean of total cost inefficiency, TC — C(y°, w?), is
4.67; the mean cost inefficiency due to CAIL TC — C(§*,w?), is 1.69; and the mean cost
inefficiency due to technical inefficiency, C(*,w®) — C(y%, w®) , is 2.98. The
percentages of total inefficiency, CAI, and technical inefficiency are 4.67/14.72 =
31.73%, 1.69/14.72 = 11.48%, and 2.98/14.72 = 20.24%, respectively. For the 1970

data, the mean of observed total costs is 53.27; the mean minimized costs based on y* and
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y? are 49.9 and 46.55, respectively. The mean of total cost inefficiency is 6.72, with 3.37
and 3.35 due to CAI and technical inefficiency, respectively. The percentages of total
inefficiency, CAl, and technical inefficiency are 12.61%, 6.33%, and 6.29%, respectively.
The cost inefficiency decreased significantly from 1955 to 1970, and most of the efficiency

improvements came from technical efficiency.

VII.  Conclusions

Cost inefficiency is comprised of two sources: technical inefficiency and allocative
inefficiency. When a flexible cost functional form is assumed, it is difficult to estimate
these two components when the analysis of allocative inefficiency focuses only on input
shadow prices. In this paper, a solution of the decomposition of total cost inefficiency for
general cases was found.

Based on duality of production and cost functions in the cost minimization problem,
the first-order condition can be examined separately from the production function and the
cost function sides. From the perspective of the production function, relative input shadow
prices and optimal cost shares are derived from the production function with given
quantities of output and inputs. From the perspective of the cost function, the optimal inputs
and their cost shares are derived from the cost function with given output quantity and input
prices. Two types of allocative inefficiency can occur when: 1) input shadow prices from
the production function are not the same as the observed input prices; 2) the optimal inputs
from the cost function are not the same as the observed inputs. Based on the two types of
allocative inefficiency, we derive their corresponding cost share inequalities and two forms
of cost inefficiency decomposition. We show that only the second type of allocative
inefficiency is measurable, and the decomposition of cost inefficiency with this type of
allocative inefficiency can be studied empirically.

This paper proposes a three-stage procedure to estimate the two components of cost
inefficiency. In the first stage, the production function and technical inefficiency are
estimated using traditional stochastic production frontier model. In the second stage, the
cost function and the second type of allocative inefficiency are estimated using the
stochastic cost frontier model with the data values of the observed output replaced by the
estimated optimal output from the first stage. Once the estimated cost function is derived,
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the third stage estimates the total cost inefficiency and the cost inefficiencies due to
technical and allocative inefficiency. In this three-stage procedure, the stochastic
production and cost functions form a system of equations in the first two stages, where
technical and allocative inefficiency are specified and estimated separately in two
stochastic frontier models. Input cost shares equations are not incorporated into a system
of equations with the production or cost function; instead, cost share inequalities are used
to determine allocative efficiency of each input.

The mathematic derivations in this paper are not based on specific functional forms
of production and cost functions. In this analysis, the production function can differ from
a translog function and can have non-constant returns to scale; the cost function can be any
nonlinear functions with feasible solutions for the cost minimization problem. Thus, a new
methodology to analyze cost inefficiency and measure the two components of total cost

inefficiency has been provided.
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Figure 1 Cost Allocative Inefficiency without Technical Inefficiency

0

Notes: (y°,x° w?) are the observed output, and input quantities and prices. L(y?) is the
isoquant curve with y° = f(x%) = f(x*). The first type of CAl is related to the cross of
two isocost lines at point x°. The isocost line A4’ passes through L(y°) at x° with the

0 *
slope of — %; the isocost line BB’ is tangent to L(y°) at x° with the slope of — % where

*9

2 2
w* are input shadow prices. The second type of CAI is related to the difference between

x% and x*, where x* is the optimal inputs point derive from L(y®) and w®. The isocost line
0

DD’ is tangent to L(y°) at x* with the slope of — % The distance between 44’ and DD’
2

measures the second type of CAI. An alternative measure of CAI is the distance between
BB’ and EE’, where the isocost line EE” with TC (x*,w*) = ¥; w/x; passes through L(y°)
wi

2

at x* with a slope of ——2. At x°, the observed cost share of x; is the ratio of x? to O4".

Given w*, the optimal cost share of x; is the ratio of x{ to OB’. The difference in the cost
shares of x; is due to the first type of CAL The observed cost share of x, is the ratio of x2
to OA. Given w?, the optimal input is at x* and the optimal cost share of x, is the ratio of
x5 to OD. The difference in the cost shares of x, is due to the second type of CAI.
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Figure 2 Cost Allocative Inefficiency with Technical Inefficiency

Xy 4

Cy°%w?)
=Yiwyx”

o

Notes: (y°,x° w?) are the observed output, and input quantities and prices. L(y°) and
L(y*) are the isoquant curves with y* = f(x°) = f(x*) > y° = f(x™) = f(x***). For
L(y*), the definitions of four isocost lines A4°, BB’, DD’, and EE’ and two inputs points
x% and x* are similar to those defined in Figure 1. w* are the input shadow prices, which

is derived from the slope of BB’ (— %) and BB’ is tangent to L(y*) at x°. x* is the optimal
2
0

inputs point given (y*,w?), where DD’ is tangent to L(y*) at x* with the slope of — %

2
For L(y?), x** is the optimal input point given (y° w?), where the iscost line FF is

0
tangent to L(y®) at x** with the slope of —%. x*** is the optimal input point given
2

(v°, w*), where the isocost line GG’ is tangent to L(y°) at x*** with the slope of — % The
2

different cost shares can be defined as those in Figure 1.
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Table 1 Cost Share Equations

Cost Shares Triplets Figure 2
(i) sP(x%wO) = /i (y*, x%w% AA°
] ) Zwlox? ) )
3 1% * 0y nj(y*'xo) _ W}kx? * 0 *\D )

_ olncy*w*) _ w}x;’

C * * — * 0 *\Dp ’
(ii1) si(y,w") Pinw, Swia? (y*,x%,w*) BB
: c * 0\ dln C(y*,WO) _ Wjox; * * 0ONC )
(iv) si(yn,w?) = nw,  ~ Swixi " x5, w?) DD

p * * Uj(y*,X*) W;)xj * * 0\c ’
\% S; , X)) = = , X5, w DD

i € (10 11,0) — alncy°w® _ WJ(')X;* 0 L*x 1,,0YC >
. n.(yo‘x**) W(.)x"f*

Vi) 700X =S = s Oox,whe  FF
€0 1*) — alncyow? _ wix;" 0 s A ,

(viii) ;7w = dlnw;  Twix” O 2w oG
. n '(yo'x***) W#fxxf**

I b= O S

Notes: Assume production function y = f(x) and cost function C(y,w) are given. The

observed data are (y°, x% w?). Let y* = f(x°) > y°. The relative shadow price for input

* (v x0) .0 .

j is & = Mx—}, ni(y,x) = %? is the output elasticity of input j. n = }n; is
J

wi Mm@ x%)x;

economies of scale. The optimal inputs derived from four different combinations of outputs

and input prices (y*,w*), (y*,w®), (y°,w®), and (y°,w*) are: x{ = %‘;W*), xj =
J
* .0 0,,,0 0 %
ac(y*w ), X = ac(y”.w )’ X = aC(y 'T’V ) And y* — f(x*) and yO — f(x**) — f(x***)

ow; J ow; J ow;
In the case of two inputs, input cost share inequalities can be demonstrated using the isocost

lines in Figure 2. See the footnotes in Figures 1 and 2.
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Table 2 The Estimates of Input Cost Shares, Inefficiency, and Economies of Scale

Standard Procedure

1955

Three-Stage Procedure

Original Cost Function Production Function Cost Function
SURE Frontier SURE Frontier SURE Frontier
(@) 2) 3) 4 (5) (6) (7)
Stabor 10.57 10.58 38.89 10.50 -20.56 10.55 12.57
(0.35) (-0.005)  (-23.69) (0.454) (9.566) (0.110) (0.920)
Sfuel 46.78 46.90 52.13 47.21 75.42 47.11 62.77
(0.99) (-0.135) (-3.093) (-0.684)  (-9.040) (-0.380) (-8.797)
Scapital 42.68 42.52 8.98 42.29 45.14 42.34 24.66
(0.92) (0.194) (14.50) (0.737)  (-1.902) (0.410) (5.681)
E(expu; |&) 1.446 0.775 1.308
(0.075) (0.008) (0.051)
] 1.309 1.163 1.226 1.092 1.251 1.122
(0.028) (0.016) (0.007) (0.014) (0.010)
1970
Standard Procedure Three-Stage Procedure
Original Cost Function Production Function Cost Function
SURE Frontier SURE Frontier SURE Frontier
(@) 2) 3) 4 () (6) (1)
Siabor 13.90 13.84 15.70 13.77 -3.33 13.65 13.98
(0.43) (0.157) (-2.619) (0.549) (32.27) (0.643)  (-0.135)
Stuetl 63.24 63.35 72.48 63.55 96.41 63.54 76.07
(0.66) (-0.225)  (-10.22) (-0.623)  (-64.65) (-0.597)  (-23.88)
Scapital 22.64 22.81 11.82 22.68 6.92 22.82 9.95
(0.48) (-0.401) (19.93) (-0.118)  (28.05) (-0.419) (16.39)
E(expu; |&) 1.108 0.913 1.065
(0.008) (0.003) (0.005)
] 1.132 1.110 1.160 1.068 1.117 1.107
(0.012) (0.013) (0.009) (0.010) (0.012)

Notes: S1apors Suer> and Scapirqr are the cost shares of labor, fuel, and capital, respectively.

Column (1) shows the mean of the original cost shares with the standard errors in the
parenthesis, and the rest of the columns show the estimated optimal cost shares from
different models. E(expu; |¢;) is the inefficiency measure from the stochastic frontier
model. 7j is the estimate of economies of scale. The numbers in the parentheses under the
estimates of the three cost shares in columns (2) — (7) are the t-statistics comparing the
difference between the mean observed cost share and the mean optimal cost share of each
input. The numbers in the parentheses under the other estimates are the standard errors for

the sample mean.
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Table 3 Cost Inefficiency Decomposition Comparisons

1955 1970

Total CE  Percentage Total CE Percentage
R e
o 1(?2;) Al ((l)fgg) H.48 1229) Al (3% o
COOw®) 1((1’:8;‘) CTE (3:25) 20.24 ‘ng% CTE (3:23) 6.29

Notes: See notes on Table 2. Total cost is the mean of the observed total cost of all firms.
C(@*,w®) and C(y°, wP) are the mean estimates of the optimal costs calculated from the
estimated cost function from the three-stage procedure, where y* is the estimated optimal
output from the production frontier model and y?° is the observed output. The numbers in
the CE column are the mean estimates of total cost inefficiency, and those due to allocative
and technical inefficiency from the three-stage procedure. The percentage is calculated by
dividing each type of the cost inefficiency by the observed total cost. The numbers in the
parentheses are the standard errors for the sample mean.
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